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RICCI-POSITIVE METRICS ON CONNECTED SUMS OF PROJECTIVE
SPACES
BRADLEY LEWIS BURDICK
Abstract. It is a well known result of Gromov that all manifolds of a given dimension
with positive sectional curvature are subject to a universal bound on the sum of their
Betti numbers. On the other hand, there is no such bound for manifolds with positive Ricci
curvature: indeed, Perelman constructed positive Ricci metrics on arbitrary connected sums
of complex projective planes. In this paper, we revisit and extend Perelman’s techniques to
construct positive Ricci metrics on arbitrary connected sums of complex, quaternionic, and
octonionic projective spaces in every dimension.
MSC classes: 53C20, 53C25.
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1. Introduction
1.1. Background and Main Results. The earliest examples of manifolds which admit
metrics with positive Ricci curvature but no positively curved metrics are due to Sha and
Yang [1, 2]. Soon after Perelman constructed new examples of such spaces.
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Theorem 1.1. [3] For all k > 0, the manifolds #k CP
2 admit metrics with positive Ricci
curvature.
In this paper, we show that Perelman’s claim remains true for all complex, quaternionic, and
octonionic projective spaces.
Theorem A. For all k > 0 and n > 0 the manifolds #k CP
n, #k HP
n, and #k OP
2 admit
metrics with positive Ricci curvature.
The approach to proving Theorem 1.1 in [3] hinges on a gluing lemma for positive Ricci
curvature (Lemma 1.2). Given two Riemannian manifolds with positive Ricci curvature and
isometric boundaries, the lemma gives a sufficient condition to glue these manifolds together
along their boundaries while preserving positive Ricci curvature.
Lemma 1.2. [3, Section 4] Let (Mni , gi) with i = 1, 2 and n ≥ 3 be closed Riemannian
manifolds with positive Ricci curvature. Suppose that there is an isometry φ between their
boundaries such that II1 +φ
∗ II2 is a positive definite 2-tensor on M1, where IIi is the second
fundamental form of ∂Mi with respect to the outward normal. Then M1 ∪φ M2 admits a
metric with positive Ricci curvature that agrees with gi on Mi outside of an arbitrarily small
tubular neighborhood of ∂Mi.
Of Perelman’s technical results in [3], Lemma 1.2 has attracted the most attention. It was
used in [4] with Hamilton’s work on Ricci flow to prove that the space of Ricci positive metrics
on D3 with convex boundary is path connected. In [5], the gluing Lemma is generalized to
glue together compact families of Riemannian metrics to demonstrate nontrivial homotopy
groups of the observer moduli space of metrics of positive Ricci curvature. The proof of
Lemma 1.2 is sketched in [3, Section 4], a special case of Lemma 1.2 is proven in [4, Lemma
2.3], and very detailed proofs are presented in [6, Lemma 2.3] and [5, Section 2]. We refer
the reader to these sources for details and computations.
Lemma 1.2 allows us to construct metrics with positive Ricci curvature by breaking our
manifolds up into pieces and constructing positive Ricci metrics with compatible boundaries.
Using Lemma 1.2 Perelman divided the construction of Ricci positive metrics on #k CP
2
into two main pieces:
(i) the construction of a Ricci positive metric on Snk , the sphere with k disjoint balls
removed, with relatively small principal curvatures of the boundary, which we call the
docking station,
(ii) the construction of Ricci positive metrics on CP2 \D4 with positive principal curvatures
of the boundary, which Perelman called the cores.
The construction of the docking station makes up the bulk of [3] as it is itself made out of
two technical constructions summarized below as Lemmas 4.1 and 4.2. We will explain how
Proposition 1.3 follows from these two lemmas and Lemma 1.2 in Section 4.1.
Proposition 1.3. For all n > 3, k > 0, and ρ < 1 there exists a metric gdocking on S
n
k with
positive Ricci curvature, such that the metric restricted to each boundary component is round
with radius ρ, and such that the second fundamental form of the boundary with respect to the
outward normal is II = −gdocking.
Once the docking station of Proposition 1.3 is constructed, Lemma 1.2 reduces the exis-
tence of a Ricci positive metric on #ki=1M
n
i to constructing Ricci positive metrics on each of
Mni \Dn with round, convex boundaries.
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Theorem B. Let n ≥ 4 and 1 ≤ i ≤ k. Suppose there exists metrics gi on Mni \ Dn with
positive Ricci curvature such that the second fundamental form IIi of the boundary of M
n
i \Dn
is positive definite and the metric restricted to the boundary is round. Then there exists a
metric on #ki=1Mi with positive Ricci curvature.
In section 4.2, we explain in detail how Theorem B follows from Proposition 1.3.
A metric gi on M
n
i \Dn satisfying the hypotheses of Theorem A will be called a core metric
for M . The combined work of [3, Section 2] and [7] was to construct core metrics for CP2,
thus completing the proof of Theorem 1.1. Sections 2 and 3 are dedicated to constructing
analogous core metrics for all projective spaces.
Theorem C. There are metrics gcore on each of CP
n \D2n, HPn \D4n, and OP2 \D16 sat-
isfying the hypotheses of Theorem B .
Theorem A then follows from Theorem B and Theorem C.
Perelman’s construction of core metric for CP2 consider CP2 \ D4 as the normal disk
bundle of an embedded CP1 ↪→ CP2. The normal sphere bundle of this embedding is the
Hopf fibration, hence its total space is diffeomorphic to S3. One can therefore think of
CP2 \D4 as a quotient of I × S3. Using the left invariant framing given by the Lie group
structure on S3, one can define a warped product metric on I × S3 which under certain
conditions placed on the warping functions will descend to a metric on CP2 \D4. This is
the class of metrics that Perelman considered in [3, Section 2], and in [7] he used the Lie
bracket to compute the curvature of such metrics. He then showed that this metric will
satisfy Theorem C for a careful choice of warping functions. Clearly this construction and
method of computation will fail in higher dimensions.
To generalize Perelman’s approach one may consider a general projective space Pn either
over C, H, or O (where n ≤ 2 for O, see [8, Corollary 4L.10]), and let d denote the real
dimension of the underlying algebra. We can again consider Pn \ Ddn as the normal disk
bundle of an embedding Pn−1 ↪→ Pn. The normal sphere bundle can then be identified
with the generalized Hopf fibration Sdn−1 → Pn−1. One can again think of Pn \ Ddn as a
quotient of I × Sdn−1. While no global framing will exist, the tangent space to any fiber
bundle will still admit a global decomposition into vertical and horizontal subbundles. This
split is sufficient to define a metric analogous to the doubly warped product, belonging to a
class which we call doubly warped Riemannian submersion metrics.
The precise construction of doubly warped Riemannian submersion metrics and their
properties occupies Section 2. We then apply doubly warped Riemannian submersion metrics
to construct metrics on Pn \Ddn as outlined here and prove Theorem C in Section 3 .
Once establishing the existence of core metrics for Pn, we are able to combine the ideas
of [3] with [2] and give a generalization of the following replacing Sn with Pn.
Theorem 1.4. [2, Theorem 1] For all k ≥ 0, n ≥ 2, and m ≥ 2, the manifolds #k(Sn×Sm)
admit metrics with positive Ricci curvature.
The approach to proving Theorem 1.4 in [2] is to prove a surgery theorem for positive Ricci
curvature (see [2, Lemma 1]). Then observing that #kS
n × Sm can be constructed out of
Sn−1 × Sm+1 by performing surgery (k + 1) times on embedded Sn−1, the claim follows. In
section 5, the technical work of [3] (specifically Lemma 4.2 below) can be viewed as a modified
surgery result: allowing under certain conditions to remove an Sn−1 ×Dm+1 and attach an
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(Nn \ Dn) × Sm while preserving positive Ricci curvature. Arguing as in [2], Proposition
5.2 claims that #k(N
n × Sm) can be constructed out of Sn−1 × Dm+1 by performing this
modified surgery (k + 1) times. Applying this construction to projective spaces allows us to
form Ricci positive metrics on connected sums of Pn × Sm.
To summarize, the full list of spaces for which we have constructed Ricci positive metrics
is as follows.
Theorem A′. For σ ∈ {0, 1}, n ≥ 1, m ≥ 3, and i, j, k, l ≥ 0, the following manifolds admit
metrics with positive Ricci curvature.
(i)
(
#σ RP
2n
)
# (#j CP
n)
(ii)
(
#σ RP
4n
)
#
(
#j CP
2n
)
# (#k HP
n)
(iii)
(
#σ RP
16
)
#
(
#j CP
8
)
#
(
#k HP
4
)
#
(
#l OP
2
)
(iv) (#iS
2n × Sm)#(#j CPn×Sm)
(v) (#iS
4n × Sm)#(#j CP2n×Sm)#(#k HPn×Sm)
(vi) (#iS
16 × Sm)#(#j CP8×Sm)#(#k HP4×Sm)#(#l OP2×Sm)
The addition of RPn to the list of spaces in Theorem A′ is made possible in Section 4.3
by the observation that the part of the construction of the docking station from Lemma 4.1
has isometry group with many finite subgroups. Corollary 4.4 describes how this allows us
to construct analogous metrics to those in Proposition 1.3 so that the docking station can be
taken to be certain finite quotients of Sn, in particular RPn can play the role of the docking
station from which (i), (ii), and (iii) of Theorem A′ follow.
Theorem A′ represents infinitely many new examples of manifolds that admit metrics with
positive Ricci curvature but admit no metrics that are positively curved (as mentioned in
the abstract, this follows from [9]). In general, other than the examples already mentioned
and the resolution of the Calabi Conjecture there are few examples of manifold with positive
Ricci curvature.
1.2. Notation. We will always assume that manifolds are compact and smooth (possibly
with boundary). For k ≥ 0 will denote by #kMn the k-fold connected sum of M with itself,
where by convention #0M
n = Sn.
Throughout this paper Pn will denote projective space over any real division algebra, and
d will denote the real dimension of the underlying algebra, where n ≤ 2 for octonions, and
Snk will denote S
n with k disks removed.
We will write (M, g) to denote a smooth manifold with smooth Riemannian metric. We
will use subscripts on curvatures to indicate the metric they are derived from, i.e. Ricg(X, Y )
is the Ricci curvature associated to the Levi-Civita connection of g. The second fundamental
form of a submanifold will be denoted by II, which when that submanifold is the boundary
will be considered as (0, 2)-form by pairing with outward unit normal. The boundary is
called convex or concave if II is positive or negative definite respectively.
2. Doubly Warped Riemannian Submersion Metrics
Doubly warped Riemannian submersion metrics generalize doubly warped product metrics
to the case of nontrivial Riemannian submersion, which we consider in general in Section
2.1. Once establishing basic notation and facts, we give the precise definition of doubly
warped Riemannian submersion metrics in Section 2, and we record their Ricci curvatures
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Figure 1. Schematic of Riemannian submersion showing notation of Defini-
tion 2.1.
in a particular case in Lemma 2.5. Finally in Section 2.3, we explain how doubly warped
Riemannian submersion metrics can be used to define metrics on disk bundles of Euclidean
vector bundles.
A larger class of doubly warped Riemannian submersion metrics have been studied previ-
ously in [13] to show an explicit lower bounds on the dimension of stabilization required to
construct Ricci positive metrics on fiber bundles where both fiber and base support metrics
with nonnegative Ricci curvature. They have also been used in [14, Example 3] to construct
metrics of nonnegative curvature on Pn#Pn. See [15, Section 1.4.6] for exposition for such
metrics in the context of the Hopf fibrations.
2.1. Riemannian Submersions. Our notation for Riemannian submersions largely agrees
with [16, Chapter 9]; we refer the reader there for a full account of the subject. We will
assume that pi : En+m → Bm is a smooth surjective submersion, i.e. a surjective smooth
map with differential everywhere onto. We now record some notations and terminology for
the structure associated to any smooth surjective submersions.
Definition 2.1. [16, 9.7 and 9.8] For any smooth surjective submersion pi : (En+m, g) →
(Bm, gˇ), define as in Figure 1
i. The fiber over b ∈ Bm, F nb := pi−1(b);
ii. The fiber metric gˆb := g|Fnb ;
iii. The vertical distribution V := ker dpi ⊆ TEn+m;
iv. The horizontal distribution H := V ⊥, where this compliment is taken with respect to g;
v. The vertical and horizontal projections V : TEn+m → V and ;H : TE → H, are the
bundle maps with kernels H and V respectively.
Sections of V and H are called vertical and horizontal vector fields respectively.
A smooth surjective submersion pi : (En+m, g)→ (Bm, gˇ) is called a Riemannian submer-
sion if for all horizontal vectors Yi we have gˇ(Yˇi, Yˇj) = g(Yi, Yj), where Yˇ := pi∗Y . In other
words, pi is a Riemannian submersion if pi∗ : Hx → Tpi(x)B is an isometry. In this paper, we
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will denote by Yi and Vi elements of an orthonormal frame of E
n+m with respect to g that
are horizontal and vertical respectively.
It is a fact that a Riemannian submersion between two compact manifolds is a smooth fiber
bundle with fiber diffeomorphic to a compact manifold F n (see [16, Theorem 9.3]).Thus one
can define a metric on the total space of a fiber bundle making the projection pi : En+m → Bm
a Riemannian submersion by specifying the data of Definition 2.1.
Proposition 2.2. [16, 9.15] Let pi : En+m → Bm be fiber bundle with fiber F n. Suppose we
are given the following data:
i. A horizontal distribution H ⊆ TEn+m;
ii. A base metric gˇ on Bm;
iii. A family of fiber metrics gˆb on F
n
b parameterized by b ∈ Bm.
Then there is a unique metric g on En+m that makes pi : (En+m, g)→ (Bm, gˇ) a Riemannian
submersion with horizontal distribution H and so that g restricted to F nb is isometric to gˆb.
Moreover, g takes the following form
g = H∗pi∗gˇ + V∗gˆ,
where gˆ is the fiber-wise metric defined to by gˆb.
In our application, the fibrations we will be considering, the Hopf fibrations, are sphere
bundles of Euclidean vector bundles. For such fibrations there are preferred choices in the
above construction.
Proposition 2.3. [16, 9.60] Given a rank (n + 1) Euclidean vector bundle E over a Rie-
mannian manifold (Bm, gˇ) with bundle metric µ and metric connection ∇, µ determines a
O(n + 1) invariant fiberwise Riemannian metric gˆb and ∇ determines a O(n + 1) invari-
ant horizontal distribution H. Given such data there is a unique metric g on S(E) which
makes pi : (S(E), g) → (Bm, gˇ), a Riemannian submersion with horizontal distribution H
and totally geodesic fibers isometric to (Sn−1, gˆ|Sn−1) given by
g = H∗pi∗gˇ + V∗gˆ,
as in Proposition 2.2.
2.2. Doubly Warped Riemannian Submersions. In this section we introduce doubly
warped Riemannian submersion metrics. These generalize doubly warped product metrics
on I ×Bm × F n by replacing the product Bm × F n with nontrivial bundle pi : En+m → Bm
with fiber F n by scaling fiber and base by functions f and h (see Figure 2).
Definition 2.4. Suppose we are given a Riemannian submersion pi : (En+m, g) → (Bm, gˇ),
and two positive functions f(t) and g(t) defined for t ∈ I. The doubly warped Riemannian
submersion metric g˜ on I × E, is a metric so that id×pi : (I × En+m, g˜) → (I × Bm, ˇ˜g) is
the Riemannian submersion as in Proposition 2.2 specified by the following data.
i. horizontal distribution H˜ = TI ⊕H,
ii. base metric ˇ˜g = dt2 + h2(t)gˇ,
iii. fiber metrics ˆ˜g(t,b) = f
2(t)gˆb,
Let H : T (I×E)→ 0⊕H be the bundle map with kernel TI⊕V , then g˜ takes the following
form
g˜ = dt2 + h2(t)H∗pi∗gˇ + f 2(t)V∗gˆ.(1)
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Figure 2. Schematic of a doubly warped Riemannian submersion metric with
specified f(t) and h(t).
In this paper ∂t, Xi, and Ui will denote elements of an orthonormal frame of I × E with
respect to doubly warped Riemannian submersion metric g˜ that are respectively tangent to
I, 0 ⊕ H, and V . Note that the vector fields Xi and Ui of g˜ correspond to Yi and Vi of g
respectively.
We would now like to explain how to compute the Ricci curvatures of doubly warped
Riemannian submersion metrics from the work in [13] on a slightly larger family of metrics.
The fundamental curvature equations for any Riemannian submersions were stated and
proven by O’Neill in [17], whence the equations have come to be called the O’Neill formulas.
The formulas relate the curvature of total space to the curvature of the base and fiber using
two tensorial obstructions: the A and T tensors. The A-tensor is the obstruction to H being
integrable, and the T -tensor is the obstruction to the F nb being totally geodesic (see [16,
9.26]). We refer the reader to [16, Chapter 9, Section D] for the statement of the O’Neill
formulas for Riemann tensor and its traces.
One can use Proposition 2.2 to define a more general doubly warped Riemannian submer-
sion metric g˜ on Mp × En+m making id×pi : (Mp × En+m, g˜) → (Mp × Bm, gM + h2(x)gˇ)
into a Riemannian submersion for an arbitrary Riemannian manifold (Mp, gM) with fibers
isometric to (F n, f 2(x)gˆ) for any positive functions f and h defined on Mp. The class of
metric considered in [13] is of this form with (Mp, gM) = (R
p, dr2 +θ2(r)ds2p−1) and functions
f and h depending only on r. The A and T tensors of these Riemannian submersions were
effectively computed, from which the Ricci curvatures are fully described in [13, Proposi-
tion 4.2] in terms the functions f , h, θ, and the A-tensor of the Riemannian submersion
pi : (En+m, g) → (Bm, gˇ). Observe that our doubly warped Riemannian submersion met-
rics of Definition 2.4 are the special case p = 1 and θ ≡ 0. Below we have recorded the
formulas of [13, Proposition 4.2] in this special case. Notice though that we have replaced
the A-tensor terms with Ricci curvature terms. This is achieved by simply solving for the
A-tensor terms in the Ricci curvature O’Neill formula [16, Proposition 9.36] applied to the
Riemannian submersion pi : (En+m, g)→ (Bm, gˇ) (noting that T ≡ 0).
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Lemma 2.5. Let g˜ be the doubly warped Riemannian submersion metric on I×E associated
to a Riemannian submersion pi : (En+m, g) → (Bm, gˇ) with totally geodesic fibers isometric
to (F n, gˆ). The Ricci curvatures of g˜ are as follows
Ricg˜(∂t, ∂t) = −mh
′′(t)
h(t)
− nf
′′(t)
f(t)
.
(2)
Ricg˜(Xi, Xi) = Ricgˇ(YˇiYˇi)
h2(t)− f 2(t)
h4(t)
− h
′′(t)
h(t)
− (m− 1)h
′2(t)
h2(t)
− nf
′(t)h′(t)
f(t)h(t)
(3)
+ Ricg(Yi, Yi)
f 2(t)
h4(t)
.
Ricg˜(Uj, Uj) =
Ricgˆ(Vj, Vj)− (n− 1)f ′2(t)
f 2(t)
− f
′′(t)
f(t)
−mf
′(t)h′(t)
f(t)h(t)
(4)
+ (Ricg(Vj, Vj)− Ricgˆ(Vj, Vj))f
2(t)
h4(t)
.
Ricg˜(Xi, Uj) = Ricg(Yi, Vj)
f(t)
h3(t)
.
Ricg˜(Xi, Xj) =
1
h2(t)
Ricg(Yi, Yj).
Ricg˜(Ui, Uj) =
1
f 2(t)
Ricg(Vi, Vj).
Ricg˜(Xi, ∂t) = Ricg˜(Ui, ∂t) = 0.
2.3. Metrics on Quotients. We are interested in applying doubly warped Riemannian
submersion metrics to construct metrics on Pn \Ddn, which as explained in Section 1 can be
thought of as the disk bundle D(E) of the normal bundle E of the embedding Pn−1 ↪→ Pn.
In turn, this disk bundle can be thought of as a fiber-wise quotient of I × S(E). In this
section, we explain the conditions necessary for the doubly warped Riemannian submersion
metric defined on I × S(E) to descend to a metric on D(E).
To begin, we recall the situation of a trivial disk bundle Dn × Bm. The doubly warped
product metric dt2 +f 2(t)ds2n−1 +h
2(t)gˇ on [a, b]×Sn−1×Bm can descend to the disk bundle
by allowing the warping function f(t) to become zero at either a or b. There are two main
conditions that the warping functions must satisfy in order for the metric to be smooth at
the cone point. The function which vanishes must be odd satisfying equation (5) and the
second function be even satisfying equation (6).
(5) ϕ(even)(a) = 0 and ϕ′(a) = 1, or ϕ(even)(b) = 0 and ϕ′(b) = −1.
(6) ϕ(a) > 0 and ϕ(odd)(a) = 0, or ϕ(b) > 0 and ϕ(odd)(b) = 0.
If f(t) satisfies equation (5) and h(t) satisfies (6) at either a or b, then the metric descends
to Dn×Bm; if they satisfy these equations at both a and b, the metric descends to Sn×Bm;
and in the case (Bm, gˇ) = (Sm, ds2m) if f(t) and h(t) satisfy both these equations at a but
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pi pipi p˜i p˜i
pit pit
f(t) = h(t)
bbb
BmBmBm I ×BmI ×Bm
f(t)
h(t)
F nb
∼= Dn+1 D(E) ∼= I × S(E)/ ∼F nb ∼= I × Sn I × S(E)S(E)F nb ∼= Sn
Figure 3. The Riemannian submersion pi : (S(E), g)→ (Bm, gˇ), a standard
doubly warped Riemannian submersion metric with respect to this Riemannian
submersion, and forming the disk bundle from a quotient of the doubly warped
Riemannian submersion metric.
interchange roles at b, then the metric descends to Sn+m+1 (see [15, Proposition 1.4.7] for
more detail).
Next, assume that we are given a rank-(n+1) vector bundle E over a Riemannian manifold
(Bm, gˇ) with bundle metric µ and connection ∇. Using Proposition 2.3 this defines a metric
g on S(E) making pi : (S(E), g) → (Bm, gˇ) a Riemannian submersion with fibers isometric
to (Sn, ds2n). This fibration will play the role of B
m × Sn above.
Proposition 2.6. Suppose we are given a Riemannian submersion (S(E), g) → (Bm, gˇ)
with O(n+ 1)-invariant fiber metrics and distribution H. Suppose f and h are nonnegative
functions defined on [a, b] that are positive on (a, b], so that f satisfies (5) and h satisfies (6)
at a, then the doubly warped Riemannian submersion metric g˜ = dt2 +h2(t)H∗pi∗gˇ+f 2(t)V∗gˆ
on [a, b]× S(E) associated to g descends to a smooth metric on D(E).
Proof. As the fiber metric gˆ is O(n + 1) invariant, it must be that (F nb , gˆ)
∼= (Sn, ds2n). By
formula (1) we have
g˜ = dt2 + h2(t)H∗pi∗gˇ + f 2(t)V∗ds2n.
Fix a point b ∈ B, and consider the bundle T (I × S(E)) ∼= TI ⊕ TS(E) restricted to
I × F nb ∼= I × Sn. As H is invariant under O(n + 1) we see that this bundle is isomorphic
to TI ⊕ TbBm ⊕ TSn. The 2-tensor g˜ restricted to this bundle is therefore isometric to the
following.
dt2 + h2(t)gˇb + f
2(t)ds2n,
where gˇb is the metric gˇ restricted to the point b ∈ B. By [15, Proposition 1.4.7], the
assumption on f(t) at t = a implies that dt2 + f 2(t)ds2k defines a smooth metric on D
n+1,
and for any fixed horizontal vectors X, Y ∈ TbBm, the function h2(t)gˇb(X, Y ) is even. It
follows that the symmetric 2-tensor h2(t)gˇb is smooth on D
n+1. Thus g˜ descends to a smooth
2-tensor on the bundle TBm ⊕ TDn+1 over I ×Dn+1.
This argument holds for all b, which shows that g˜ descends to a smooth metric on I ×
S(E)/ ∼ where {0} × F nb ∼ {0} × {b}. The effect of this quotient is to fiberwise close the
cylinder I × Sn to Dn+1, coinciding therefore with D(E) (see figure 3). 
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Recall that our aim is to use Proposition 2.6 to construct core metrics, in particular
we need to know under what conditions will the boundary be convex. The following is a
straightforward application of [15, Proposition 3.2.1], it follows that the boundary will be
convex if f ′(t) and h′(t) are positive.
Lemma 2.7. The second fundamental form of ({t} ×En+m, g˜) as a submanifold of ([0, t]×
En+m, g˜) with respect to the normal ∂t is given by
(7) IIt =
h′(t)
h(t)
(h2(t)H∗pi∗gˇ) + f
′(t)
f(t)
(f 2(t)V∗gˆ).
Where the notation is as in formula (1).
3. Construction of the Core
In this section, we present the proof of Theorem C, that there exists a Ricci positive metric
on Pn \Ddn so that the boundary is a convex, round sphere. In Section 3.1, we recall that
Pn \ Ddn can be thought of as disk bundles of the tautological bundle. Thus Proposition
2.6 allows us to use doubly warped Riemannian submersion metrics to define metrics on
Pn \Ddn. We prove Theorem C in Section 3.2, by applying Lemma 2.5 in the particular case
of projective spaces and picking specific choices of warping functions. We finish in Section
3.3 by showing how our construction agrees with the definition present in [3].
3.1. The Form of the Metric. Recall that the tautological bundle γn−1 over Pn−1 is a rank
d vector bundle, such that the total space of the associated sphere bundle pi : S(γn−1)→ Pn−1
is diffeomorphic to Sdn−1 with fiber Sd−1. These sphere bundles are called the generalized
Hopf fibrations.
Typically, one uses the Hopf fibrations to define a metric on the base of the bundle.
The Fubini-Study metric is the unique metric gˇ on Pn−1 that makes the submersion pi :
(Sdn−1, ds2dn−1)→ (Pn,−1gˇ) a Riemannian submersion with fibers isometric to (Sd−1, ds2d−1).
As the Hopf fibrations are the unit sphere bundles of Euclidean vector bundles γn, Propo-
sition 2.3 allows us to reverse this relationship and to construct new metrics on S(γn−1)
by specifying a metric on the base and vector bundle data. In particular, if we use the
Fubini-Study metric on the base and use bundle data for γn as in Proposition 2.3 we get
back (Sdn−1, ds2dn−1).
Corollary 3.1. [15, Example 1.4.12] Let gˇ denote the Fubini-Study metric on Pn−1, and let
H and V be the horizontal and vertical distributions determined by γn as in Proposition 2.3.
Then
ds2dn−1 = H∗pi∗gˇ + V∗ds2d−1.
That the construction in Proposition 2.3 is then compatible with Proposition 2.6, allows
us to define doubly warped Riemannian submersion metrics on D(γn−1) using the Fubini-
Study metric, the bundle data coming from γn, and two functions f(t) and h(t) satisfying
the hypotheses of Proposition 2.6. As Pn\Ddn ∼= D(γn−1), these doubly warped Riemannian
submersion metrics can be considered as metrics on Pn \Ddn. Henceforth, we will refer to
doubly warped Riemannian submersion metrics on Pn \Ddn without confusion. Note that
Corollary 3.1 along with formula (1) implies that the metric restricted to level sets t = c will
be round if and only if f(c) = h(c).
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The Hopf fibrations are very special in that they are Riemannian submersions for which
the base, fiber, and total space are all endowed with Einstein metrics. This greatly simplifies
the formulas of Lemma 2.5, as all of the Ricci tensors on the righthand side can be replaced
with constants. For (Pn, gˇ) the constants are as follows.
Proposition 3.2. [16, Examples 9.81, 9.82, and 9.84] If gˇ is the Fubini-Study metric on
Pn over an algebra of real dimension d, then
Ricgˇ = [(n− 1)d+ 4(d− 1)] gˇ.
3.2. Ricci Curvature of the Cores. We are now ready to construct core metrics for Pn
proving Theorem C.
Proof of Theorem C. By Proposition 2.6, we can specify a doubly warped Riemannian sub-
mersion metric g˜ on Pn \ Dnd using the Fubini-Study metric gˇ on the base, bundle data
coming from γn, and by specifying any functions f(t) and h(t) on [0, t1] that satisfy the
hypotheses of Proposition 2.6. We claim for a certain choice of f(t) and h(t) that g˜ will be
a core metric, i.e. that Ricg˜ is positive definite and the boundary is round and convex.
In this situation, g = ds2dn−1, gˆ = ds
2
d−1, and gˇ is the Fubini-Study metric. As observed, the
underlining Riemannian submersions pi : (Sdn−1, g)→ (Pn−1, gˇ) have totally geodesic fibers,
and the metrics of the total space, base, and fiber are all Einstein. The Einstein constants
of the Fubini-Study metrics are recorded in Proposition 3.2, and the Einstein constant for
(Sk, ds2k) is (k − 1). In this situation we have the following values.
(8) dimE = dn− 1, dimB = d(n− 1), and dimF = d− 1.
(9) Ricg = (dn− 2)g, Ricgˇ = [(n− 2)d+ 4(d− 1)]gˇ, and Ricgˆ = (d− 2)gˆ
Regardless of the choice of f(t) and h(t), define t1 as the smallest value of t for which
f(t1) = h(t1), assuming such a value exists. By Corollary 3.1, at t = t1
g˜ = h2(t1)
(H∗pi∗gˇ + V∗ds2d−1) = h2(t1)ds2dn−1.
Thus the boundary is round regardless of our choice of h(t) and f(t).
Consider the choice f(t) = sin(t) and h(t) = ε < 1. This choice satisfies the hypotheses of
Proposition 2.6, and therefore define metrics on Pn \ Dnd. Substituting this choice of f(t)
and h(t) into the formulas in Lemma 2.5, and replacing the Ricci curvatures and dimensional
constants with those from equations (9) and (8) yields the following.
Ricg˜(∂t, ∂t) = (d− 1);
Ricg˜(Xi, Xi) = [(n− 2)d+ 4(d− 1)]ε
2 − sin2 t
ε4
+ (dn− 2)sin
2 t
ε4
;
Ricg˜(Uj, Uj) = (d− 2) tan2 t+ 1 + [(nd− 2)− (d− 2)]sin
2 t
ε4
.
As Ricg = (nd − 2)g in this case, the off-diagonals of Ricg˜ in Lemma 2.5 all vanish. Since
0 ≤ t ≤ t1 < pi/2, and sin(t) ≤ ε, it is easy to check that the remaining Ricci curvatures are
all strictly positive. Thus, for this choice of f(t) and h(t), Ricg˜ is positive definite.
To show that the boundary is convex, by Lemma 2.7 we need h′(t1) > 0 and f ′(t1) > 0.
For h(t) = ε this is not the case. We may replace h(t) with a function that has h′(t1) > 0,
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where t1 is still the smallest value for which h(t1) = sin(t1), and such that ||h(t) − ε||C2 is
small enough so as not to upset Ricg˜ > 0. With this function h(t), the claim follows. 
In Section 3.3 we explain that [3] Perelman chose h(t) = (1/N) cosh (t/N) and N = 100.
For each n, there exists a choice of N , for which this h(t) and f(t) define a metric g˜ which
satisfies the claims of Theorem C.
We have, thus far, omitted RPn from discussion. Since RPn also admits a tautological
bundle, one may equally well define a doubly warped Riemannian submersion metrics on
RPn as in Section 3.1. But because the fibers of the real Hopf fibration are S0, the metric
reduces to a warped product metric. In particular, instead of equation (2), such a metric
has
Ricg˜(∂t, ∂t) = −(n− 1)h
′′(t)
h(t)
.
Thus h(t) must be concave down for Ricci curvature to be positive. But in order for g˜ to be
smooth, h′(0) = 0 by Proposition 2.6, and in order for the boundary to be convex h′(t1) > 0
by Lemma 2.7. There is no smooth function with h′(0) = 0, h′′(t) < 0, and h′(t1) > 0 for
0 < t1. Thus it is not possible to prove Theorem C for RP
n using doubly warped Riemannian
submersion metrics. We will see in Section 4.3 that there does not exist any core metrics for
RPn.
3.3. Perelman’s Core. In Section 1, we explained how doubly warped Riemannian sub-
mersion metrics on Pn \ Ddn are an obvious generalization of Perelman’s core metrics on
CP2 \D4 of [3, Section 2]. In this section, we show that doubly warped Riemannian submer-
sion metrics of Section 3.1 on CP2 \D4 actually agree with Perelman’s core metrics. Recall
that CP2 \D4 can be realized as a fiberwise quotient of I × S3. As S3 is a Lie group, it
therefore admits a globally defined left-invariant, orthonormal frame X, Y , and Z. We may
assume that the vector field Z is the image of the vector field Θ of S1 under the differential
of the inclusion of each fiber. Denote the dual covector fields of X, Y , and Z with respect to
ds23 by dx, dy, and dz respectively. After checking that dz
2 = V∗gˆ and dx2 + dy2 = H∗pi∗gˇ,
formula (1) becomes dt2 + h2(t)(dx2 + dy2) + f 2(t)dz2. This is the form in which Perelman
provided the metric in [3, Section 2], thus our metrics agree with those considered in [3]. To
prove Theorem C for CP2, Perelman chose f(t) = sin t cos t and h(t) = (1/100) cosh (t/100).
Note that these particular choices satisfy the requirements of Proposition 2.6.
Perelman used the Lie group structure of S3 to compute the Ricci curvature of his metrics.
As there are no Lie groups diffeomorphic to Sdn−1 beyond S3, this necessitates our use of [13,
Proposition 4.2] to compute the Ricci tensor of a doubly warped Riemannian submersion
metric. The exact Ricci curvatures computed in [7] are stated as follows.
Lemma 3.3. [3, Section 2] Let X, Y , and Z be the global left-invariant vector fields of S3.
If g˜ = dt2 + h2(t)(dx2 + dy2) + f 2(t)dz2, then
Ricg˜(∂t, ∂t) = −h
′′(t)
h
− 2f
′′
f
,
Ricg˜(X,X) = Ricg˜(Y, Y ) = 4
h2 − f 2
h4
− h
′′
h
− 2h
′2
h2
− f
′h′
fh
+ 2
f 2
h4
,
Ricg˜(Z,Z) = −f
′′
f
− 2f
′h′
fh
+ 2
f 2
h4
,
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and all other terms in this frame vanish.
We can check that the formulas in Lemma 3.3 agree with those in Lemma 2.5. Indeed, in
the case of CP2 \D4 we have n = 1, m = 2, Ricg = ds23, Ricgˆ = 0, and Ricgˇ = (1/2)2 ds22.
Plugging these values into the formula in Lemma 2.5 agrees Lemma 3.3.
4. Constructions of Connected Sums with Positive Ricci Curvature
In this section we show how to assemble together the cores of Theorem C and the various
constructions of [3] to form connected sums with positive Ricci curvature. We begin by
constructing the docking station of Proposition 1.3 in Section 4.1 by combining the work
present in [3], specifically the gluing Lemma 1.2 and two technical constructions summarized
below as Lemmas 4.1 and 4.2. Next, in Section 4.2 we show how the existence of the docking
stations of Proposition 1.3 combined with the gluing Lemma 1.2 allow us to attach core
metrics and prove Theorem B. In Section 4.3, we show how Lemma 4.1 can also be used to
define a docking station metric on lens spaces, thus allowing one to generalize Theorem B
to take a connected sum with a finite quotient of Sn in Corollary 4.5.
4.1. Constructing the Docking Station. The first technical result is the construction of
a positively curved metric on Snk with principal curvatures of the boundary that are small
relative to the intrinsic curvatures of the boundary. This is what Perelman called the ambient
space, and the construction takes up the entirety of the the contents of [3, Section 3].
Lemma 4.1. [3, Section 3]1 For all n ≥ 4, there exists an η > 0 such that, for any integer
k and 0 < r < η, there is a metric gambient on S
n
k such that the metric restricted to each
boundary component is isometric to gδ such that
(i) Kgambient > 0;
(ii) Kgδ > 1;
(iii) | IIgδ | < 1;
(iv) gδ = dφ
2 + f 2(φ)ds2n−2 with φ ∈ [0, piR], supφ f = r, where R is some number such that
0 < r
n−1
n < R < 1.
Perelman constructed this metric only with n = 4. The metric is a doubly warped product
metric, so by considering the metric dt2+cos2 tdx2+R2(t)ds2n−2 where R(t) is as in [3, Section
3], one gets a metric on Sn for all n ≥ 4. It is easily seen that all of the curvature conditions
transfer to higher dimensions.
The core metrics constructed on punctured projective spaces in Theorem C have round
boundaries, and the ambient space metric constructed in Lemma 4.1 has boundaries isometric
to warped products. Indeed any metrics constructed on Pn \ Ddn using Riemannian sub-
mersion metrics cannot have boundaries isometric to warped products other than the round
metric. Thus if one hopes to use Lemma 1.2 to glue (Pn \ Ddn, gcore) onto (Snk , gambient),
there has to be a way to transition between round and warped product metrics. Perelman
resolved this with the following lemma which represents the most technical construction of
[3], in which the neck is constructed, which is precisely a positive Ricci metric on I × Sn−1
that is round at one end and a warped product metric at the other with principal curvatures
1Lemma 4.1, as stated here, is not explicitly claimed in [3]. This claim roughly reflects the second
paragraph of page 162 in [3].
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Figure 4. The neck.
that allow us to glue at the round end to the cores and at the warped product end to the
ambient space using Lemma 1.2.
Lemma 4.2. [3, p. 159] Assume that n ≥ 3, 0 < r < R < 1, and g1 = dφ2 + f 21 (φ)ds2n−1
is a metric on Sn with φ ∈ [0, piR], supφ f1(φ) = r, and Kg1 > 1. Then for any any ρ > 0
satisfying r(n−1)/n < ρ < R, there exists a metric g = g(ρ) defined on Sn× [0, 1] and constant
λ > 0 such that the following are true.
(i) Ricg is positive definite;
(ii) the restriction g|t=0 coincides with ρ2/λ2ds2n on Sn × {0};
(iii) the restriction g|t=1 coincides with g1 on Sn × {1};
(iv) the principal curvatures along the boundary Sn × {0} are equal to −λ;
(v) the principal curvatures along the boundary Sn × {1} are at least 1.
The metric constructed in [3, Section 2] to satisfy Lemma 4.2 is of the form dt2 + gt where
gt is a one parameter family of warped product metrics. The proof of this fact very delicate,
and takes up roughly half of [3].
With all of the necessary technical constructions of [3] summarized, we may now explain
how they come together to construct the docking station of Proposition 1.3.
Proof of Proposition 1.3. As illustrated in Figure 5, we attach k copies of [0, 1]× Sn−1 with
the neck metric to Snk with the ambient space metric using Lemma 1.2.
Fix n > 3, k > 0, and ρ < 1. Pick r < R < 1, such that r
n−1
n < ρ < R. By Lemma 4.1
there exists a metric gambient on S
n
k with positive Ricci curvature such that each boundary
component is isometric to (Sn−1, gδ), where Kgδ > 1, | IIgδ | < 1, and gδ = dφ2 + f 2(φ)ds2n−2
with φ ∈ [0, piR] and supφ f(φ) = r.
It follows that we may use g1 = gδ as the initial data in Lemma 4.2. Thus there is a metric
gneck(ρ) on [0, 1]×Sn−1 with positive Ricci curvature such that the boundary at 0 is isometric
to
(
Sn−1, ρ2/λ2ds2n−1
)
with principal curvatures all identically −λ, and the boundary at 1 is
isometric to (Sn−1, gδ) and II1 > 1.
Thus there is an isometry φ between the boundary of ([0, 1]×Sn−1, gneck) at 1 and any one
of the boundary components of (Snk , gambient). Both manifolds have positive Ricci curvature,
and by construction φ∗ II1 + IIgδ > 0. It follows from Lemma 1.2, that there exists a metric g
on Sn−1 × [0, 1]∪φ Snk that agrees with gneck and gambient away from a small neighborhood of
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Figure 5. The construction of the docking station.
the image φ. In particular, the boundary at 0 remains isometric
(
Sn−1, ρ2/λ2ds2n−1
)
and the
remaining disjoint (k−1) boundary components remain isometric to (Sn−1, gδ). Thus we may
glue k disjoint copies of ([0, 1]× Sn−1, gneck) to each boundary component of (Snk , gambient).
The resulting metric g is defined on Snk . It has positive Ricci curvature and boundary
components all isometric to
(
Sn−1, ρ2/λ2ds2n−1
)
with principal curvatures −λ. Set gdocking =
λ2g. The positivity of the Ricci curvature is unaffected by scaling, each boundary component
of the boundary of (Snk , gdocking) is isometric to (S
n−1, ρ2ds2n−1), and after scaling the principal
curvatures of the boundary are all −1 (see [16, Theorem 1.159]). 
As mentioned, the docking station is the most technical aspect of [3] as it involves proving
Lemma 4.2. One may ask if this construction is really necessary for the proof of Theorem B
in Section 4.2. Suppose we tried to use the round n-sphere as a docking station. In order to
use Lemma 1.2 to attach Mn \Dn, if its round boundary has radius r, then we must assume
that the principal curvatures of the boundary are at least cot r. It is a consequence of [18,
Theorem 1], that there is an rn > 0 such that M is contractible if r < rn.
2 So the round
sphere cannot be used to construct Ricci positive metrics in this way for arbitrary connected
sums. In some sense, the construction of ambient space was the simplest possible way to
achieve this goal, which in turn necessitated the construction of the neck.
4.2. Attaching the Cores. In this section, we explain how to attach cores to the docking
station of Proposition 1.3 using the gluing Lemma 1.2 as illustrated in Figure 6, thus proving
Theorem B.
Proof of Theorem B. Suppose we want to take a connect sum of manifoldsMi with 1 ≤ i ≤ k.
Let gi be the metrics on Mi \Dn with positive Ricci curvature and round, convex boundary
Ni. Let ρi be the radius of Ni and let νi = infv∈S(TNi) IIgi(v, v). Pick a small number
0 < ρ < 1 and define si to be the number such that siρi = ρ. Assume that ρ is so small that
νi/si > 1. The manifolds (Mi \Dn, s2i gi) have positive Ricci curvature, boundaries isometric
to (Sn−1, ρ2ds2n−1), and the principal curvatures of the boundaries all greater than νi/si > 1
(see [16, Theorem 1.159]).
By Proposition 1.3, there exists a Ricci positive metric gdocking on S
n
k with boundaries
isometric to (Sn−1, ρ2ds2n−1) and principal curvatures all equal −1. We clearly have isometries
φi between Ni and the boundary components of (S
n
k , gdocking). By Lemma 1.2, we can glue
2In this situation one can show that the convexity invariant of [18] satisfies Λ(M \Dn) ≥ cos r and that
the curvature satisfies K > csc2 r+ cot2 r at the boundary. Thus the hypotheses of [18, Theorem 1] are met
for small enough r
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Figure 6. The construction #ki=1M
n
i from the docking station.
each of the (Mni \ Dn, s2i gi) to (Snk , gdocking) along φi so that the resulting space admits a
Ricci positive metric. The resulting space is clearly diffeomorphic to #ki=1M
n
i . 
With this, we have proven that the connected sums of all complex, quaternionic, and
octonionic projective spaces admit metrics with positive Ricci curvature.
Proof of Theorem A. By Theorem C, for all n > 1, CPn, HPn, and OP2 admit core metrics.
Theorem A now follows directly from Theorem B. 
Notice that one may just as well take connected sums between the different projective spaces
in their common dimensions. Thus the following is immediate.
Corollary 4.3. For all n ≥ 1 and j, k, l ≥ 0, the following manifolds admit metrics with
positive Ricci curvature.
(1)
(
#j CP
2n
)
# (#k HP
n).
(2)
(
#j CP
8
)
#
(
#k HP
4
)
#
(
#l OP
2
)
.
4.3. Lens Spaces as Docking Stations. In this section, let G denote a finite subgroup of
the isometry group of (Sn, g). If G acts freely, then (Sn/G, g) is a smooth manifold locally
isometric to (Sn, g) ([19, Theorem 21.13]). In particular, the metric gambient of Lemma 4.1 is
a doubly warped product metric with isometry group O(2)⊕O(n−1). One might hope then
that some nontrivial quotients of Sn might play the role of docking station in Proposition 1.3,
allowing us to form new examples of connected sums with positive Ricci curvature. Denote
by (Sn/G)k the quotient manifold with k disjoint geodesic balls removed.
Corollary 4.4. Suppose that G is a finite subgroup of O(2)⊕O(n− 1) ≤ O(n+ 1) and that
the action of O(n + 1) on Sn restricted to G is free. For any n > 3, k > 0, and 0 < ρ < 1,
there is a metric glens on (S
n/G)k with positive Ricci curvature and so that each boundary
component is isometric to (Sn−1, ρ2ds2n−1) with all principal curvatures equal to −1.
Proof. Start by choosing 0 < r < R < 1 such that r
n−1
n < ρ < R. Use Lemma 4.1 to define a
Ricci positive metric gambient on S
n
l with l = |G|k with boundaries all isometric to (Sn−1, gδ).
As the action of G is free, it is possible to choose the boundary Sn−1 disjoint and invariant
under the action of G. It follows that the quotient (Sn/G)k has a Ricci positive metric with
k disjoint boundary components all isometric to (Sn−1, gδ) and principal curvatures equal to
−1. The proof now precedes identically to the proof of Proposition 1.3 in Section 4.1 
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Thus (Sn/G)k can now replace S
n
k in the construction in the proof of Theorem B in Section
4.2. The effect topologically is taking a connected sum with Sn/G. Thus the following is
immediate.
Corollary 4.5. For all k ≥ 1 and n ≥ 4, suppose that G is a finite subgroup of O(2) ⊕
O(n− 1) ≤ O(n+ 1) and that the action of O(n+ 1) on Sn restricted to G is free. If there
exists Ricci positive metrics gi on M
n
i \Dn with round, convex boundaries, then the following
manifold admits a Ricci positive metric.
(Sn/G)#
(
#ki=1M
n
i
)
.
One may consult the literature on finite subgroups G ≤ O(n + 1) and ask which groups
are conjugate to subgroups of O(2)⊕ O(n− 1). The simplest example of such subgroups is
when G = Z/mZ and quotients Sn/G are lens spaces.
Definition 4.6. [8, Example 2.43] For a fixed positive integer m, for 1 ≤ j ≤ n, let `j be
integers with gcd(m, `j) = 1. Let θj = 2pi`j/m. Define an action of Z/mZ on S
2n−1 ⊆ Cn
by the standard action of diag(exp(iθ1), . . . , exp(iθn)) on C
n. Then define the lens space
associated to the tuple (m, `1, . . . , `n) by the quotient of this action
L(m; `1, . . . , `n) = S
2n−1/(Z/mZ).
In particular, L(2; 1, . . . , 1) ∼= RP2n−1. Notice that under an R-linear isomorphism Cn ∼=
R2n, the action of Z/mZ defined above acts as a subgroup of O(2)⊕O(2n−2). Thus all lens
spaces occur as possibilities of S2n−1/G in Corollary 4.5. While RP2n is not a lens space, we
see that −I ∈ O(2)⊕ O(n− 2) for all n and therefore RP2n will also occur as S2n/G. The
following is immediate.
Corollary 4.7. For all k ≥ 2, n ≥ 3, and d ≥ 4, if there are Ricci positive metrics on
Mni \ Dn with round, convex boundaries, then the following manifolds admit metrics with
positive Ricci curvature
L(m; `1, . . . , `n)#
(
#ki=1M
2n−1
i
)
and RPd #
(
#ki=1M
d
i
)
.
As it stands, we have not constructed, nor are we aware of any odd dimensional manifolds
admitting core metrics other than Sn. Thus we do not have an application to the statement
involving L(m; `1, . . . , `n) in Corollary 4.7. We therefore pose the following question.
Question 4.8. Does there exist an odd dimensional manifold M2n+1 that admits a Ricci
positive metric on M2n+1 \D2n+1 with round, convex boundary?
In even dimensions, Theorem C provides the existence of core metrics on complex, quater-
nionic, and octonionic projective spaces. Thus Corollary 4.7 provides new examples in the
case of RP2n. In particular this proves the following corollary.
Corollary 4.9. A′ For all n ≥ 1, and j, k, l ≥ 0 the following manifolds admit metrics with
positive Ricci curvature.
(i) RP2n # (#j CP
n).
(ii) RP4n #
(
#j CP
2n
)
# (#k HP
n).
(iii) RP16 #
(
#j CP
8
)
#
(
#k HP
4
)
#
(
#l OP
2
)
.
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While lens spaces may play the role of the docking station, if they admit core metrics, by
Corollary 4.7 we would have proven that L(m; `1, . . . , `n)#L(m
′; `′1, . . . , `
′
n) admits a Ricci
positive metric. Myers’ theorem (see [15, Theorem 6.3.3]) implies that a closed manifold
with positive Ricci curvature has finite fundamental group. If Mn and Nn with n ≥ 3 are
manifolds with nontrivial fundamental groups, then pi1(M#N) is infinite by the Seifert-van
Kampen theorem. As pi1(L(m; `1, . . . , `n)) = Z/mZ, L(m; `1, . . . , `n)#L(m
′; `′1, . . . , `
′
n) must
have an infinite fundamental group, and therefore cannot admit a metric with positive Ricci
curvature. We conclude that lens space cannot admit core metrics, indeed no space with
nontrivial fundamental group can.
Corollary 4.10. For n ≥ 4, if Mn is not simply connected, then there are no Ricci positive
metrics on Mn \Dn with round, convex boundaries. In particular, RPn and L(m, `1, . . . , `k)
do not admit such metrics.
While we have explained in our remark after the proof of Theorem C that the methods of
this paper do not work constructing core metrics on RPn, the above corollary shows that no
such metric exists.
5. Connected Sums of Product Spaces
In this section, we show how to take the metric constructions of [3] and Section 3 and
combine them with topological observation of [2] to construct Ricci positive metrics on
connected sums of products. Specifically we will prove the following.
Corollary 5.1. For all n ≥ 1, m ≥ 3, and i, j, k, l ≥ 0 the following manifolds admit metrics
of positive Ricci curvature.
(1) (#i(S
2n × Sm))#(#j(CPn×Sm)).
(2) (#i(S
4n × Sm))#(#j(CP2n×Sm))#(#k(HPn×Sm)).
(3) (#i(S
16 × Sm))#(#j(CP8×Sm))#(#k(HP4×Sm))#(#l(OP2×Sm)).
As explained in Section 1 this is a generalization of Theorem 1.4. The approach in [2] to
proving Theorem 1.4, was to prove a surgery theorem for Ricci positive manifolds (see [2,
Lemma 1] or [11, Theorem 0.3]) under the assumption of an isometrically embedded standard
Sn−1×Dm+1. The key topological observation that yields Theorem 1.4 as a corollary is that
(10) #k(S
n × Sm) ∼=
(
Sn−1 ×
(
Sm+1 \
k⊔
i=0
Dm+1
))
∪∂
(
k⊔
i=0
Dn × Sm
)
.
Our approach to proving Corollary 5.1 will rely on an observation like equation (10),
namely Proposition 5.2. Indeed, we will show that one may replace Sn with Mni on the
lefthand side if one replaces k of the Dn on the righthand side with Mni \Dn. That said, we
do not have a surgery theorem for positive Ricci curvature present in this paper, instead we
rely on docking station metrics of Proposition 1.3, which will allow us to carry out similar
constructions as in the proof of Theorem B in Section 4.2. This is why Corollary 5.1 omits
dimensions m = 2, as the docking station construction only works for Sm+1k if m + 1 ≥ 4.
We expect that one should be able to construct metrics analogous to those of [2, Lemma 1]
for Pn×S2 using doubly warped Riemannian submersion metrics, thus extending Corollary
5.1 to include the case m = 2.
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Figure 7. An illustrated proof of Lemma 5.3.
5.1. Topological Constructions. In this section we prove that #i(N
n
i × Sm) can be real-
ized as modified surgery on Sn−1 × Sm+1, specifically we claim the following.
Proposition 5.2. For any closed, oriented, and smooth manifolds Nni .
#ki=1(N
n
i × Sm) ∼=
(
Sn−1 ×
(
Sm+1 \
k⊔
i=0
Dm+1
))
∪∂
(
Dn × Sm unionsq
k⊔
i=1
(Nni \Dn)× Sm
)
.
Proposition 5.2 follows from two lemmas: Lemma 5.3 which establishes Proposition 5.2
when k = 1, and Lemma 5.4 which establishes that performing modified surgery on trivially
embedded spheres is equivalent to taking connected sums with Nn × Sm.
Lemma 5.3. Let N be a closed, oriented, and smooth manifold.
Nn × Sm ∼= (Sn−1 × (Sm+1 \ (Dm+1 unionsqDm+1))) ∪∂ ((Dn × Sm unionsq ((Nn \Dn)× Sm))) .
Proof. As illustrated in Figure 7, we begin by noting that
Sn−1 × (Sm+1 \ (Dm+1 unionsqDm+1)) ∼= Sn−1 × I × Sm ∼= (Sn \ (Dn unionsqDn))× Sm.
Thus the righthand side of the equation in the claim becomes
(Sn \ (Dn unionsqDn))× Sm ∪∂ ((Dn unionsq (Nn \Dn))× Sm) .
Finally, notice that
Sn \ (Dn unionsqDn) ∪∂ (Dn unionsq (Nn \Dn)) ∼= Nn.

Lemma 5.4. Let Nn and Mn+m be closed, oriented, and smooth manifolds. If
f : Sn−1 × D˚m+1 ↪→M is a nullhomotopic embedding, then
(11) Mn+m#(Nn × Sm) ∼= (Mn+m \ im f) ∪f |∂ ((Dn \Nn)× Sm).
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Figure 8. A schematic of the embeddings ι : Dn+m ↪→Mn+m and f : Sn−1×
Dm+1 ↪→Mn+m.
(Nn \Dn)× Sm
∪Dn ×Dm Dn ×Dm
(Nn \Dn)× SmNn × Sm \Dn+m
Figure 9. Decomposing Nn × Sm \Dn+m as (Nn \Dn)× Sm ∪Sn−1×Dm Dn ×Dm.
Proof. As f is nullhomotopic, we may isotope it so that there is an inclusion ι : Dn+m ↪→
Mn+m of a small geodesic ball so that f is realized as the composition
Sn−1 × D˚m+1 Sn−1 × D˚m × (−ε, ε) Sn+m−1 × (−ε, ε) Mn+m(ν,id) (ι,expι) ,
where ν is the inclusion of a normal neighborhood of a great sphere as in the first part of
Figure 8, and (ι, expι) is the exponential map of a normal neighborhood for ι. Note that
im ι \ im f is an embedded Dn ×Dm ↪→ Dn+m as in the second part of Figure 8.
It is explicit in the righthand side of equation (11) that we are removing im f from Mn+m
and gluing in (Nn \Dn)× Sm. It is implicit on the lefthand side that we are removing im ι
from Mn+m and gluing in Nn×Sm\Dn+m. To see that the resulting spaces are diffeomorphic,
we will show that gluing Nn × Sm \Dn+m into the deleted Dn+m can be performed in two
steps: the first step replaces im i \ im f in the deleted Dn+m and the second step glues in
(Nn \ Dn) × Sm. Once this is established, the two side of Equation (11) are transparently
equivalent.
To achieve the two step identification, we must further analyze the space Nn×Sm \Dn+m.
We claim that, as in figure 9,
(12) Nn × Sm \Dn+m = (Nn \Dn)× Sm ∪Sn−1×Dm Dn ×Dm.
Note that that Equation (12) is transparently true when Nn = Sn using the standard handle
decomposition of Sn × Sm with four handles:
Sn × Sm = ((Dn+m ∪Sm−1×Dn Dm ×Dn) ∪Sn−1×Dm Dn ×Dm) ∪Sn+m−1 Dn+m.
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Mn+m#(Nn × Sm) Mn+m \ im ι
(Nn × Sm) \ im ι
Mn+m \ im ι
(Nn \Dn)× Sm
∪Dn ×Dm
Mn+m \ im ι
∪Dn ×Dm
(Nn \Dn)× Sm
Mn+m \ im f
(Nn \Dn)× Sm
Mn+m \ im f
∪(Nn \Dn)× Sm)
Figure 10. The equivalence of Mn+m#(Nn×Sm) and Mn+m\im f∪f |∂ (Nn\
Dn)× Sm.
Noting that Dn+m ∪Sm−1×Dn Dm ×Dn ∼= Dn × Sm, we see that
(13) Sn × Sm = (Dn × Sm ∪Sn−1×Dm Dn ×Dm) ∪Sn+m−1 Dn+m.
Note that we may remove a small tubular neighborhood Dnε × Sm of Sm from both sides of
Equation (13) and glue in a (Nn \Dn)× Sm (the dark band in Figure 9), resulting in
(14) Nn × Sm = ((Nn \Dn)× Sm ∪Sn−1×Dm Dn ×Dm) ∪Sn+m−1 Dn+m.
Removing a Dn+m from both sides of Equation (14) gives Equation (12).
To see the equivalence of Mn+m#(Nn×Sm) and (Mn+m\ im f)∪∂ (Nn\Dn)×Sm consider
Figure 10. We start with Mn+m#(Nn × Sm). Next we decompose Mn+m#(Nn × Sm) as
Mn+m \ Dn+m and Nn × Sm \ Dn+m to be identified along their boundary. We can then
decompose Nn×Sm \Dn+m as in Equation (12) allowing us to identify the two pieces along
their boundaries to Mn+m\Dn+m separately. We first attach Dn×Dm to Mn+m\Dn+m along
Dn×Sm−1 filling in im ι\ im f in the interior. This leaves us with Mn+m \ im f . Thus in the
final step when we attach (Nn\Dn)×Sm we have constructed (Mn+m\im f)∪∂(Nn\Dn)×Sm.

With Lemma 5.3 and 5.4 established, we can now prove our main surgery result.
Proof of Proposition 5.2. As the Dm+1 on the righthand-side of the equation in the claim
are disjoint, we may perform the modified surgeries in any order. Specifically, we may first
perform surgery on two, and then perform surgery on the rest. Thus the righthand side of
the equation becomes(
((Sn−1 × (Sm+1 \ (Dm+1 unionsqDm+1))) ∪∂ (Dn × Sm unionsq (Nn1 \Dn)× Sm)) \
(
k⊔
i=2
Sn−1 ×Dm+1
))
∪∂
(
k⊔
i=2
(Nni \Dn)× Sm)
)
.
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Figure 11. The implied embedding Sn−1 ×Dm+1 ↪→ Nn × Sm given by the
black subset.
By Lemma 5.3 this reduces to the following(
(N1 × Sm) \
(
k⊔
i=2
Sn−1 ×Dm+1
))
∪∂
(
k⊔
i=2
(Nni \Dn)× Sm)
)
.
We now would like to claim that Lemma 5.4 applied (k− 1) times proves the claim. This
is not immediately obvious. If each of the implied embeddings Sn−1 × Dm+1 ↪→ Nn × Sm
were nullhomotopic, Lemma 5.4 could be applied to any one of them. But in order to
guarantee that we can apply Lemma 5.4 in succession to each embedding, we must show
that they remain nullhomotopic after performing the other surgeries. It suffices to show that
the image of all the nullhomotopies are disjoint because then each can be isotoped to disjoint
geodesic balls, for which Lemma 5.4 may be applied in succession.
We claim that these nullhomotopies exist and are disjoint. Begin by retracting the em-
bedded Sn−1 ×Dm+1 onto its embedded core Sn−1, so that we need only show the disjoint
embeddings of Sn−1 are nullhomotopic and that the nullhomotopies are disjoint. Recall that
we begin with (k− 1) embeddings fj : Sn−1 ↪→ Sn−1×Sm−1 where the image is Sn−1×{pj}
for distinct pj, which after isotoping fj we may assume all the pj lie in a great circle disjoint
from the embedded Dm+1 unionsqDm+1 of Lemma 5.3 . One can trace the embeddings fj through
the construction of Lemma 5.3 (figure 7) to give embeddings hj : S
n−1 ↪→ Nn×Sm pictured
in figure 11. The image of hj is an S
n−1×{pj} which bounds the disk Dn×{pj} ⊆ Dn×Sm,
where this is the Dn× Sm being attached on the righthand side in Lemma 5.3. The disjoint
Dn+1 × {pj} provide disjoint nullhomotopies of the hj. 
5.2. Metric Construction. Proposition 5.2 decomposes #i(N
n
i ×Sm) as a boundary union
of two Riemannian manifolds, we seek to construct Ricci positive metrics on each with
boundary conditions that allow us to use Lemma 1.2.
Proposition 5.5. Let n > 2 and m ≥ 3. If there exists Ricci positive metrics on Mni \Dn
with round, convex boundaries, then the following manifold admits a metric with positive
Ricci curvature.
#ki=1(N
n
i × Sm).
Proof. We will use the specific construction of #ki=1(N
n
i × Sm) provided in Proposition 5.2.
This theorem decomposes #ki=1(N
n
i × Sm) as the boundary union of two smooth manifolds:
DS := Sn−1 ×
(
Sm+1 \
(
k⊔
i=0
Dm+1
))
and Cores :=
k⊔
i=0
(Nni \Dn)× Sm,
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where we have set Nn0 = S
n. Our approach is to construct metrics on DS and Cores using
Proposition 1.3 and our assumptions about Mni respectively, so that they have positive Ricci
curvature, isometric boundaries, and principal curvatures that allow Lemma 1.2 to apply.
We have assumed that there are core metrics on Nni for i > 0, but note that N
n
0 = S
n
also admits a core metric, specifically ds2n restricted to a geodesic ball of radius r < pi/2.
We will assume therefore that the Nni all admit core metrics gi, and we will use these core
metrics to define a metric on (Nni \Dn)× Sm. Consider first the product metric gi + ρds2m
on (Nni \ Dn) × Sm, clearly this metric has positive Ricci curvature. However, the second
fundamental form of the boundary restricted to TSm is zero. To apply Lemma 1.2, we will
need the boundary to be convex. This can be achieved by bending the boundary slightly,
and if the bend is slight enough, this can be done without upsetting positive Ricci curvature.
Take a collar neighborhood NξS
n−1 = (−ξ, 0]×Sn−1 inside Nni \Dn. In these coordinates,
the metric splits as gi = dt
2 + gi(t) where gi(t) are metrics on S
n−1 for t ∈ (−ξ, 0]. We may
define metrics
g˜i =
{
dt2 + gi(t) + f
2(t)ds2m x ∈ NξSn−1
gi + ρ
2ds2m x ∈ (Nni \NξSn−1).
where f(t) is any smooth functions that is constant for −ξ < t < −ξ0 for some ξ0. If I˜Ii and
IIi is second fundamental form of boundary with respect to g˜i and gi + ρ
2ds2m respectively,
then one can easily check that I˜Ii|Sm = (f ′(t)/f(t))g˜i|Sm and I˜Ii|Sn−1 = IIi |Sn−1 . Thus if
f ′(0) > 0, the boundary is convex. Moreover, there exists an ε > 0 there is δ > 0 such that
if ||f(t)− ρ||C2 < δ then ||(gi + ρ2ds2m)− g˜i||C2 < ε. Thus for adequately chosen f(t), g˜i will
have positive Ricci curvature.
Thus, there exists a Ricci positive metric g˜i on (N
n \ Dn) × Sm with convex boundary
isometric to κ2ds2n + ρ
2ds2m. Let νi = infv∈S(T (Sn×Sm)) I˜Ii(v, v). We have shown that νi > 0.
Pick a number 0 < s < 1, such that νi/s > 1 for all i. Notice that ((N
n
i \Dn) × Sm), s2g˜i)
has positive Ricci curvature, boundary isometric to (Sn−1×Sm, (sκ)2ds2n−1 + (sρ)2ds2m), and
with principal curvatures of the boundary all greater than 1. Define gcores to be s
2g˜i on each
component of Cores.
We now turn to defining a metric on DS. By Proposition 1.3, there exists a metric gdocking
on Sm+1k with boundary components all isometric to (S
m, (sρ)2ds2m) and principal curvatures
identically −1. Define gDS = (sκ)2ds2n−1 + gdocking. We see that the second fundamental
form of the boundary II restricted to TSn−1 is zero, so that the principal curvatures of the
boundary of DS with respect to gDS are all bounded below by −1. Clearly the boundary
of (DS, gDS) is isometric to the boundary of (Cores, gcores). As all the principal curvatures
of the boundary of (Cores, gcores) are greater than 1, Lemma 1.2 applies. Thus there is a
smooth metric on DS ∪∂ Cores with positive Ricci curvature, which by Proposition 5.2, is
diffeomorphic to #ki=1(N
n
i × Sm). 
In particular, we have shown that complex, quaternionic, and octonionic projective spaces
admits core metrics. Thus the Corollary 5.1 is immediate.
Proof of Corollary 5.1. By Theorem C and the observation that Sn admits a core metric in
the proof of Proposition 5.5, the spaces Sn, CPn, HPn, and OP2 all admit core metrics. By
Proposition 5.5, the claim follows. 
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